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The stability of a viscoelastic interface acted upon by an oscillating azimuthal magnetic field
is studied. The interface separates two rigid magnetic fluid columns. Only azimuthal disturbrance
modes are considered in a linear perturbation technique. Weak viscoelastic effects are taken into
consideration, so that their contributions are demonstrated in the boundary conditions. The presence
or absence of free surface currents resulted in a dispersion equation with complex coefficients of
the Mathieu type. It is found that the surface currents disappear when the stratified magnetic
field becomes unity. The phenomenon of coupled resonance is observed. Several special cases are
reported. A set of graphs are drawn to illustrate the influence of the various parameters on the
stability of the considered system.
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Free-surface Currents.

1. Introduction varying density has been considered for both viscous
and viscoelastic fluids. It was found that the effective
The interaction of electromagetic fields and fluidinterfacial tension succeds in stabilizing perturbations
has attracted increasing attention with the promise of certain wave numbers (small wavelength perturba-
applications as diverse as controlled nuclear fusiotipns) which were unstable in the absence of effective
chemical reactor engineering, medicine, and highrterfacial tension, for unstable configuration / strati-
speed silent printing. Viscoelastic fluids find applification. The effect of a variable horizontal magnetic
cations in petroleum drilling, manufacturing of fooddield and a uniform rotation was considered by Ku-
and paper, etc. As to hydromagnetic flow and heatrar [2]. He found that the presence of a magnetic
transfer, many metallurgical processes involve coofield stabilizes a certain wave-number band, whereas
ing of continuous strips of filament by drawing thenthe system is unstable for all wave-numbers in the
through a quiescent fluid, and, during this procesgpsence of the magnetic field for the potentially un-
these strips or filaments are sometimes stretcheslable configuration. However, the system is stable in
Drawing, annealing, and tinning of copper wires prothe potentially stable case and unstable in the poten-
duce similar effects. In all of these cases, the propeially unstable case for highly viscous fluids in the
ties of the final product depend to a great extent on thgesence of a uniform rotation. In [3], it was found
rate of cooling. By drawing such strips or filaments irthat the stability criterion is independent of the effects
an electrically conducting fluid, subject to a magnetiof viscosity and visco-elasticity and is dependent on
field, the rate of cooling can be controlled and a finghe orientation and magnitude of the magnetic field. It
product, with desired characteristics, can be achieveslas also found that the magnetic field stabilizes a cer-
Another interesting application of hydromagnetics ttain wave-number range of the unstable configuation.
metallurgy lies in the purification of molten metalsSharmaand Kumar [4] pointed out that the presence of
from nonmetallic inclusions by the application of a&a magnetic field introduces oscillatory modes which
magnetic field. The stability analysis of viscoelastigvere non-existent in its absence. They also obtained
fluids has been attracted the attention of many authdbe sufficient condition for the non-existence of over-
[1 - 6]. In [1], two uniform fluids are separated by astability. In [5], it was found that for exponentially
horizontal boundary and the case of exponentiallyarying stratifications, the system becomes stable or
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unstable for stable and unstable stratifications under
certain physical conditions, and the growth rateswere
found to increase or decrease with increasing stratifi-
cation parameters, according to some restrictions sat-
isfied by the chosen wavenumbers range. Recently,
El-Dib [6] carried out the stability analysis of a vis-
cous interface supporting free-surface currents in a
hydromagnetic rotating fluid column. Hisanalysisre-
sulted in anonlinear relation between the surface cur-
rent density and both the stratified viscosity and the
stratified azimuthal magneticfield. He aso found that
the angular velocity plays a destabilizing role, while
the magnetic field frequency plays a stabilizing role
and acts against the angular velocity effect.

The effect of a uniform rotation about the vertical
axis on the development of the Kelvin-Helmholtz in-
stability has been treated by Chandrasekhar [7]. He
found that the rotation does not stablize the motion
for any difference in the velocities in the absence of
surface tension. The effect of surface tension on this
rotating system hasbeeninvestigated by Alterman[8].
He showed that in arotating system, the surface ten-
sion fails to stabilize the motion for any difference
of velacities and any angular velocity of the motion.
For excellent reviews see Drazin and Reid [9]. Chung
and Wuest [10] have shown that the rotation of liquid
columns helps to stabilize the formation of a crystal.
Destabilization effects are also important, particulary
inthe areas of chemical engineering and combustion:
the break-up of liquid jetsis enhanced by rotation, a
process now referred to as swirl atomization. Rigidly
rotating liquid columns are also known to support
interesting linear [11] and nonlinear [12] free sur-
face and internal waves. Wilson [13] investigated the
effect of an axial magnetic field on the capillary in-
stability of aninfinitely long cylindrical fluid column.
He obtained a general analytical solution to the lin-
earized problem and recovered the existing results
of some previous works. He also obtained sufficient
conditionsfor linear stability in static and rigidly ro-
tating columns for both inviscid and viscous fluids.
El-Dib [14] has carried out the stability analysis of
arigidly rotating magnetic fluid column in the pres-
ence a periodic azimuthal magnetic field. His analyt-
ical results showed that the uniform magnetic field
plays a stabilizing role and can be used to suppress
the destabilizing influence of rotation, while the os-
cillating one playsadual rolein the stability criterion.
El-Dib and Moatimid [15] and Moatimid and EI-Dib
[16] have developed a theoretical analysis to inves
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tigate the effect of periodic rotation of a cylindrical
liquid jet under the influence of an axia and radial
uniform electric field. Their analysisis based on the
multipletime scales method. The analytical resultsin
[15] show that the increase of the amplitude of the
angular velocity has a destabilizing effect. They also
found that the axia electric field plays a dual role
in the stability criteria, a stabilizing influence in the
non-resonance case and adestabilizingrolein theres-
onanceone. In[16], they showed that according to the
periodicity of the unsteady rotation, the electric field
changes its mechanism in the resonance case.

The phenomena of parametric resonance arise in
many branches of physics and engineering. One of
the important problems is that of dynamic instability
which is the response of mechanical and elastic sys-
temsto time-varying loads, especially periodic loads.
There are many cases in which the introduction of a
small vibrational |oading can stabilizeasystem which
is statically unstable or destabilize a system that is
statically stable. The treatment of the parametric ex-
citation system having many degress of freedom and
distinct natural frequenciesis usually operated by us-
ing the multiple time scales as given by Nayfeh [17].
Thebehavior of such systemsisdescribed by an equa-
tion of the Hill or Mathieu types [18, 19]. It is well
known that the stability of such solutions may be
described by means of the characteristic curves of
Mathieu functions which admit regions of resonance
instability. The phenomena of interfacial stability in
multilayer flow of viscoelastic fluids are of interest
in many polymer processing applications, such as co-
extrusion of films and fibers. One mgjor problem is
the formation of interfacial waves which can result in
a significant deterioration of product properties (i. e.
mechanical, optical, etc). El-Dib and Motoog [20] in-
vestigated the stability of streaming in an electrified
Maxwell fluid sheet. Their linear analysisresulted in
coupled Mathieu equations. They found that the fluid
sheet thickness playsastabilizing rolein the presence
of auniform electric field, while the damping roleis
observed for the resonance case.

In the present work, we extend the technique car-
ried out by El-Dib [14] for rigidly rotating columns of
aweakly viscoelastic fluid toincludethe presence of a
surface current density onthefluidinterface. Thefluid
column is held by capillary forces in the presence of
an azimuthal periodic magnetic field. Therefore, we
are concerned with the influence of surface currents
onthestability of an azimuthal disturbance. Themain
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idea of this study is to indicate the relation between
the presence of the surface current density and both
the fluid viscoelastic parameters and the azimuthal
magnetic field.

Theplan of thiswork, whichisof theMaxwell fluid
instability type, isasfollows: In Section 2, we give a
description of the problemsincluding the basic equa-
tions of the fluid mechanics and Maxwell’s equations
governing the motion of our model. This section con-
tainsal so the appropriate boundary conditionsand the
corresponding solutions. Section 3 is devoted to the
discussion of the case when no surface currents are
present at the interface. In Secion 4, we analyse the
viscoelastic conducting interface supporting surface
currents.

2. Mathematical Formulation of the Problem

The motion of an infinitely long fluid column with
low viscoelastic effects is considered. Thefluidisas-
sumed to have a viscoel astic nature described by the
Maxwell congtitutive relations. This column, having
thedensity p; and magnetic permeability .1, performs
arigidly rotating motion, in a weightless condition,
with a uniform angular velocity (2, about its axis of
symmetry. Thefluid columnisembedded in arotating
unbounded fluid having the density p,, magnetic per-
meability 1, and auniform angular velocity §2,. The
two fluids are homogeneous and incompressible, and
exhibit interfacial tension. The system is subjected to
an azimuthal periodic magnetic field with a forcing
frequency w given by

where ¢, is the unit vector in the #-direction.

Informulating Maxwell’srel ations, we assumethat
the magneto-quasi static approximationisvalid for the
system [21]. Accordingly, Maxwell’s equations may
be reduced to

V-uH =0, (2.2)

VxH = Ji, (2.3)

where J; represents the surface current density.

The equation which governs the behavior of
Maxwell fluids [20] is given by
0

d
1+A (E +V~V)] [EV+(V~V)V+VP

= nVZV,

P

(2.9
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with the incompressibility condition

V-V =0, (2.5)
where V' is the fluid velocity vector, P is the hydro-
static pressure,  the viscosity coefficient and X the
Maxwell relaxation time.

In order to make use of the domain perturbation
technique, we confinethe analysisto considering very
weak viscoel astic effects which are belived to be sig-
nificant only within a thin vortical surface layer, so
that the motions in the bulk may be resonably as-
sumed irrotational [20, 22]. Thus the derivations in
this problem deal completely with potential flow so
that the complicated manipulation of the boundary-
layer eguations for the weak vortical flow can be
avoided. Since the field equation governing the ir-
rotational flow is the Laplace equation, modifying
the boundary conditions at the surface should be an
acceptable means of including the small viscoelastic
effects. Thus the viscoelastic effects are introduced
through the normal damped stress term in the bound-
ary condition at the surface of separation.

There are surface forces that must be accounted for
by the stress tensor o;;:

The first is due to the magnetic forces as given
by [23]

F=JixpH-sHHVv (20 1%, 26)
2 2 0p

The first term is the force resulting from a medium
containing free surface currents J;. It isthe strongest
magnetohydrodynamic term. The second term, called
the magnetization force density, is due to inhomogen-
ities in the magnetic material. The third term, called
the magnetostriction term, being the gradient of a
scalar quantity, istreated asamodificationto thecom-
pressible fluid pressure and should be omitted from
this analysis because of the incompressibility condi-
tion [23]. Manipulation of (2.6), which incorporates
the irrotational nature of the magnetic field intensity,
shows that the stress tensor representation of com-
bined free surface currents and magnetization force
densitiesis[21]
— 1 2
mi; = pHHj — é,u,H bij, (27)

where ¢;; isthe Kronecker’s delta.
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The other surface force results from the effect of
the viscoelastisity. The rheologic behavior of the vis-
codastic fluid of the Maxwell type may be obtained
from the description

_l+ A (% + V-V>_ O = 20—,

1+A(3+V.V) 099=27,<3+3@), (2.9)
i ot | roor

09
[ 0 | _ [1ou 9 yv
_l+)\ (E +V.V>_ Org =1 [ 3% o (;)]
(2.20)
where
045 = —P(Sij +Fij. (211)

Two dimensiona cylindrical coordinates (r, ) are
used, so that « and v are the radial and azimuthal
velocity components, respectively, of the fluid inside
and outside the column.

2.1. Bulk Equations

In view of the weak viscoelastic approximation,
whichis considered here, the governing equationsfor
the bulk of the fluid are

ou ou wvdu 02 10P

tu— = = 2.12

ot 'or ro0 & por’ (212)

dov  Ov wvdv wu 10P

a+u5+;%+7——ﬁw, (2-13)
with the incompressibility condition

Ju 10v wu

— 4+ _—_+-_=0. .

or radfd r 0 (214

In accordance with the assumption that the fluid
performs an irrotational motion, the velocity may be
expressed as gradient of avelocity potential ¢(r, ¢, t),
with the incompressibility condition. This potentia
represents a solution of the Laplace equation

V2¢(r,0,t) = 0. (2.15)
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Duetothevalidly of the quasi static approximation,
a stream function «» should be introduced such that

1oy o0y
g=>% Y

ST o

(2.16)
where ¢, is the unit vector in the radial direction.
Clearly the stream function ¢ guaranteesthat (2.2) is
satisfied, whiletheremaining bulk equation (V' x H =
0) showsthat > obeyesthe Laplace's equation

V2y(r,0,t) = 0. (2.17)

2.2. Surface Equations

If the position of the column surface is defined as
r = &(0, t), the equation of continuity for this surface
isgiven by

0§ wvo€
u==0"%+-—=.
0t radf

There aretwo componentsfor the magnetic surface
equations:

The first component is due to the continuity of
the normal component of the magnetic displacement,
which leads to

(2.18)

e || H ||+ no||nHo|| = O, (219
where n,. and ny are the radial and azimuthal com-
ponents of the unit vector n, respectively to the sur-
face of separation, and the jump || - || is defined as
|- 1| = ()% = (-)*. The second component is the con-
tinuity of the tangential component of the magnetic
field, which gives
ne|[Hyl| — no||H:[| = 0. (2.20)

The condition (2.20) isonly valid if there are no free-
surface currents present at the interface. Owing to the
presence of surface currents on the column interface,
the tangential component of the magneticfield isdis-
continuous. Instead, the continuity of the tangentia
stressis assumed [21].

At the boundary between the two fluid columns,
r = R, two surface stress equations have to be satis-
fied:
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Thefirst correspondsto the continuity of thenormal
stress by the amount of the surface tension force,
which gives

1 1
nwth(—+—j,

221
TR (221)

where F is the total force acting on the interface,
which isdefined as

_ Ty Trp
F =(n,,ny) ,
Jor [oFT]

where the parameter T' represents the surface tension
coefficient, and R, and R, are the two principle radii
of curvature. The second surface force correspondsto
the continuity of the tangential stress, which leadsto

(2.22)

n x ||F|| = 0. (2.23)

2.3. Equilibrium Conditions

In the equlibrium state, we have the following con-
figuration:

(i) The surface of separation is a cylinder of ra
dius R.

(i) The velocity profile becomes v© = (0, 12, 0).

(i) The unit normal to interfaceis»(@ = (1,0, 0).

(iv) The principleradii of curvatureare R, = 1 and
Rz =0.

It follows that the equilibrium pressure yields

1
PO=Zpr222+75(), j=12 (224

7 2
where the superscript (0) refers to the equilibrium
state and X(t) is an arbitrary time-dependent func-
tion.

From the continuity of the normal stress tensor at
theinterface r = R, we get that the jump in pressure
is zero, whence

T 1
L) - T0) = T+ 5B - ) (225)

1
— E(Mlﬂlz — ppH2) cosPuwit.

In equilibrium state, we shall be concerned with
two cases:
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(A) No free surface currents are present at the un-
perturbed interface.

(B) The viscoelastic conducting interface supports
free surface currents.

Due to these assumptions, the jump in the tangen-
tial magnetic field will be zero in case A, so that
Hy = H>, and this jump has anon-zero value in case
B, so that

Hl—H2=Jf. (226)

2.4. Linearized Equations of Motion

To perform alinear stability analysis of the consid-
ered system, the column radius will be assumed to be
perturbed about its equilibrium value. The perturbed
column radiusis now becomes

r=R+£(0,1),

where

£6.1) = 7’(15)6“"9,

(2.27)

(2.28)

The arbitrary time dependent function ~(¢) represents
the amplitude of the perturbation in the column ra-
dius, and the integer m isthe azimuthal wavenumber.
The limiting case of a very long longitudinal wave-
length is considered here, so that the dependence of
the variables on z can be neglected.

The bulk equations of motion and the surface equa-
tions mentioned above will be solved for these per-
turbations under the assumption that the perturba-
tionsare small, that is all equations (bulk and surface)
will be linearized in the perturbed quantities before
solving. The form of the azimuthal variation for all
other perturbed variables will be the same as the de-
pendence given in (2.28). To the first order, the unit
normal to the column interface has the components
n, = Land ny = —r—10¢/06. Accordingly, the lin-
earized velocity potential ¢ and the stream function
1 are governed by the equations

_m2>¢:07

(2.29)

(2.30)
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while the increment of the pressure is given by

5 i /

w(r,0,t) = —p 9% _ %ra—q) +im2¢ ) . (2.31)
ot m  Or

Equation (2.29) may be solved under the kinematic

boundary condition

% = 0_5 +ims2;¢, (r = R).

2.32
or ot (2.32)

Thusthe velocity potential distribution ¢;, inside and
outside the fluid column, respectively, are given by

d .
d—z + imQﬂ} ™0 (2.33)

if r <R,

@ma@:4563 E}wmmﬂamxzm

m \r
ifr> R.

In solving (2.30) with the appropriate boundary
conditions, we shall deal with two cases, depending
on whether or not the unperturbed interface supports
free surface currents.

3. Case A: No Free Surface Currents Present
at the Interface

In this case, we assume that the unperturbed inter-
face supportsno free surface currents, so that the mag-
netic field in the equilibrium configuration becomes
H, = H, = Hy. However, the appropriate magnetic
boundary conditions, which haveto be satisfied at the
surface r = R, are given by

(1.) Thetangential component of themagneticfield
should be continuous at the interface. Thisleadsto

0’17//‘1 6’17//‘2
— =0
or or

(2.) The normal component of the magnetic dis-
placement is continuous at the interface, so that

(3.1)

a’q,/fl aLt/fz df ! _
(/1/1 30 M2 ) - 00(“1 — pi2)Ho coswt = 0.

(3.2)
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With these boundary conditions, the solution of the
Laplace equation (2.30) yieldsthe following distribu-
tions of the stream function inside and outside the
column:

mma0=<m_“ﬂ(1)'Wﬁhmwn@%

prtpz ) \R
if r < R, 323)
_ R m .
Po(r,0,t) = — (Ml M2> (—) ~(t)Ho coswt ™,
p1tpz ) \T
if > R. (34)

It iswell known that, for inviscid fluids, the jJump
in the tangential stress is equivalent to the continu-
ity of the norma component of the magnetic field,
since there are no free surface currents at the inter-
face. That isin contrast with the presence of viscosity
or viscoeladticity as considered here. Therefore, there
existsacontribution for using thisboundary condition
now. Thus there are two remaining linearized bound-
ary conditions given by the continuity of the tagentia
and normal stresses:

10
T30 (090~ e -oR] + oo =0
(35)
o — 0@ = —L 4TV, 1), (36)

For the rheological behavior described above, thelin-
earized tangential and normal stress components re-
duce, respectively, to

0 /l/) 2

0@/}1 !
(/L]_W — /llzw) HO Ccoswt (37)

0
— a—g(/Ll — /l,z)Hg cos?wt

, 9., N0 (3
i [1”1 (a*%ﬂ 3 <W B 7>

9 o\ 1o (00 o\ _
‘”2[1*&(&*‘2%” @(W‘?)‘Q

and
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T
1 — 12 = R(pp2 — pr6])E + 5 (m* — 1§ (38)

01 01
- (Ml 5 He, Hy coswt
0 0\ 0%
— 4 () — !
ti |1+ (015 ”160)] 2

) 0\t o%m
—772 |:1+/\2 (E-'-(‘)zﬁ)] W

These conditionsare used to determinethe dispersion
equation that describes the behavior of the surface
wave. Substituting both the stream functionv;(r, 6, ¢)
and the velocity potential ¢;(r,0,t) from (2.33),
(2.34), (3.3) and (3.4), and then using the binomial
expansion to write the elastic operator as

0 o\t 0 0
— + 2= 1\ — —
1+/\(at+(_00)] 1 A(at+(zae>+...7

(3.7) and (3.8) become

d*y
dt2
+[— (m2(m + 1) —mu(m—1)) + 2im (2 A2922(m + 1)

[7’}2)\2(7” + 1) — 7'}1)\1(7” - 1)] (39)

—mA1$2(m — 1))] %
— [m?(n2A2625(m + 1) — mA 25 (m — 1))
+im (n202(m + 1) — m21(m — 1))]v =0
and

[B2(p1+ p2) = 2m(ma(m — 1) (3.10)

d2
+ mpXo(m + l))} d—z‘z

+ [Zm (n2(m + 1) + mu(m — 1))
+2iR?(paS2p(m + 1) + p1f21(m — 1))
2 dy
— 2im® (2 \22(m + 1) + g 21 (m — l))} @

m(m?—1)T
+ [M—mRZ(PZQ%(m*'l) +p192i(m—1)

R
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+2m?3 (712/\2(2§(m + 1) + A1 22 (m — 1))
+ 2im? (n2022(m + 1) + 91021 (m — 1))

+m?u HE coszwt} v =0,

where i = (u2 — p12)?/(p2 + pa)-
3.1. Characteristic Equation

In deriving the characteristic equation, we must
combine (3.9) and (3.10) to a single equation. The
elimination of the real part of the damping term be-
tween these equations, leadsto asingle equation of the
Mathieu type with an imaginary damping term. This
equation represents the dispersion equation which
controls the behavior of viscodlastic effects on the
surface waves instability.

It is convenient here to write the dispersion equa-
tion in an appropriate dimensionless form. This can
be done in a number of ways, depending primarily
on the choice of the characteristic length L. Consider
thefollowing dimensionlessforms. The characteristic
length L = \/m2A2/ p2, the characteristictime t = Ay,
and the characteristic mass M = 1224/ 122/ po.
The other dimensionless quantities are given by
R = R*\/’rjz)\z//)z, w = w*/)\z, fzj = .Q;-(/)\z,
H2= H%mp /M, t = '\ and T = T 1/ 12/ p2 .
The star may be dropped later for simplicity. For this
stage, the dispersion relation becomes

&y + 2’i0z% +(6 — a® + QHZ cos® wt + i)y =0,
de2 dt 0 / ’
(3.12)

where

o = |R[2x(m+1) + ps21(m—1)|(m + 1—n(m—1))
+m2[2(m + 1) — A\n21(m — 1)]
~(m+1+n(m —1))

+ 2nm2(m? — 1)((2 — le)} /A,
§—a?= m[%(mz —D(m+1—nim —1))

+dnpmA(m? — 1)(\2? — 23) — RY25(m +1)

+p22(m — D](m + 1 —n(m — 1)] /A,
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_prm?(m + 1 —n(m — 1))

@ A
dnpm2(m? — 1)($21 — ()
/8 = A 3

A=R*(1+p)(m+1) —n(m — 1))
+ 477(m2 -1 -N),

p2’ A2 '

The canonical normal form of equation (3.11) may be
obtained by the transformation

2(t) = I'(t)exp(—iat), (312
toyield

d’r ) o

—— +(6 +QHZ cowt +if) =0, (3.13)

de?

whichisasecond order differential equation of Math-
ieu typewith complex coefficient. Inthelimiting case
for anon-rotating fluid column, this equation reduces
tothe standard form of the Mathieu equation with rea
coefficients.

I nspection of Mathieu equation (3.13), we observe
that the considered system produces a singlularity,
which arises when the radius R tends to the critica
value R, where

5 dmn(m? — (A — 1)
©@+p)(m+1—nm-1)

(3.14)

A resonance case will appear in the neighbourhood
of the value of Rc. In a pure viscous flow, a viscous
resonance occurs near the critical value s, = 241 [6].

m—1

3.2. Sability Analysis within the Marginal Sate

In order to analyze the stability of the Mathieu
equation (3.13), we shall be interested in the exami-
nation of the margina stability as afirst scope. This
marginal state deals with the periodic solution of this
equation. The condition satisfying the margina state
isactually associated with the vanishing of the coeffi-
cient 3, oristrivialy satisfied for inviscid fluids. This
has been already discussed by EI-Dib [14]. For anon-
vanishing viscosity, the parameter 3 vanishesunder a
certain condition. This condition arises when the two
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fluids columns rotate with the same angular velocity,

i.e 21 = 2 = 2 for dl azimutha wavenumber m.
At thisstage, the characteristic equation which gov-

ernsthe surface wavefor themarginal stateisgivenby

r 2
Sz 0+ QH; cos?wt)I" = 0. (3.15)
Indealingwith the case of auniformmagneticfield,
the field frequency «w approaches zero into (3.15).
Therefore the solution of the resulting characteristic
equation has an exponential form. The stability crite-
rion then becomes
§+QHZ > 0. (3.16)
In the absence of the magnetic field, the stability con-
dition reduces to 6 > 0, while the presence of the
uniform magnetic field yields the condition

HZ > —i, provided @ >0,
9 (3.17)
HZ < 0 provided @ < 0.

If @ > 0O, the stability condition (3.16) is trivially
satisfied for positive values of 6 (which occurs in
the case of pure viscous fluids), while the stabilizing
influence of the magnetic field appears as 6Q) < 0.
The transition curve, sparating the stable region from
the unstable one, becomes

6
HZ> Hi=——.
0> o 0
It is worthwhile to observe that there exists a vis-
coelastic sigularity when determining the transition
curve Hj. Thisis due to the changein the curve H;;.
Thus there exists an instability zone in the neighbor-
hood of the value of the critica R.. Note that this
viscoelastic singularity can be excluded when both
fluid columns have the same relaxation time A = 1.
In this case, the system behaves like a pure viscous
flow. This shows a stability influence, that appears at
the singularity due to the variation of the relaxation
time and it can be suppressed as A = 1.
In the case of a non-vanishing field frequency w,
the stability arises whence the following inequality is
satisfied:

(3.18)

HEQ?+16(w? — §)QHZ+325(w? — 6) > 0. (3.19)
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This stability criterion yields the bounded regions of
the solutions of the Mathieu equation (3.15) as given
by Mohamed and Nayyer [24]. It isobserved that this
condition is satisfied as w? > §; § > 0, for arbitrary
Q or HZ.

In terms of the magnetic field H3, the stability
condition (3.19) takes the form

(H§ — H)(H — H3) > 0, (3.20)

where
Hi,= 0 {—(wz = \/(u)2 —0) (wz - 5(5> }
(3.21)

Clearly H; and H; have real values, whence the
field frequency w satisfiesthe relation
2 3
o> w > 56. (3.22)
It follows that the transition curves Hy , should be
bounded by an unstable region as condition (3.22)
holds. Therefore the stable regions are characterized
by the conditions
H3 > Hi and HS < H3, (Hf > H3). (3.23)
Thetwo transition curves H; and H5 will meet when
the column radiusis R¢. Another intersection for the
two transition curves occurs when the field frequency
w? has the value 6. Since the parameter v/6 repre-
sents the disturbance frequency of the Mathieu equa-
tion (3.15) as H2 = 0, and the nearness of w to v/é
produces the reasonance case. Hence a coupled rea-
sonance point occurs at

w=VéasR=R.. (3.24)

It is useful to investigate the transition curves
which separate stable from unstable regions in non-
dimensional form as stated in Section 3.1. Therefore,
inthissectionthe goal isto calculate stable profilesin
case of auniform magneticfield aswell asan oscillat-
ing one. In order to examine the influence of uniform
fields on the stability criteria, numerical calculations
for the stability condition (3.18) were made. The re-
sults of the calculations are displayed in the log HZ
vs. log R planein Figs. 1 and 2. It is apparent from
these figures that an increase in the magnetic field
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HZ as well as the column radius R has a stabiliz-
ing influence. This stabilizing role is diminished by
an increase of both the angular velocity (2 and the
azimuthal wavenumber m. Figure 1 is computed for
2 = 5 and values of m from 1 to 4. It is readily
seen that intersections indicate the dual role of the
azimuthal wavenumber in the stability criterion. For
small values of R, m has a destabilizing influence,
and vice versa. Figure 2 pictures for m = 1 various
values of the angular velocity 2. It is evident that an
increase of 2 increases the unstable regions, which
shows the destabilizing influence of rotation.

In order to examine of the influence of the oscil-
lating field on the stability, numerical calculationsfor
the stability condition (3.20) are made. These calcu-
lations are displayed in the log HZ vs. log R planein
Figs. 3 and 4. In Fig. 3, the same influence of rota-
tion, given abovein the case of auniformfield, isalso
obtained in the case of a periodic field. This shows
that the destablizing influence of the rotation does not
depend on the mechanism of the field. In Fig. 4, the
stabilizing influence of a periodicity force is readily
seen. In these figures, one branch of the transition
is only computed while the other one has negative
values and hence has no implication on the stability
anaysis.

3.3. Resonance Mechanism and a Growth Rate
Solution of the Mathieu equation (3.13)

Asthecoefficient 7 hasanon-zerovaluein (3.13), a
growth rate solution is presented. A stability descrip-
tion for (3.13) was made by EI-Dib [14]. He used the
method of multiple time scales to analyze a similar
equation. The treatment was made for two time scales
To and T3 asfast and dow time-scales, respectively.
This analysis has shown that the growth rate for the
zero-order solutionis given by

Io(To, T1) = I'(T1)exp[(o + iwo)To] + c.c., (3.25)

where I'(7T31) is an unknown complex function, c.c.
represents the complex conjugate of the preceeding
terms, o and wq are real. Both o and wq are satisfied
by the equations

0?—wi+6=0, and20wp+3=0. (3.26)
Elimination of the parameter o yields

2=l /omo

wo—é(é+ o —,u). (3.27)
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Fig. 5. Stability diagram of the system as
inFig. 1, butform =1,2,=8; 2, =3
(solid lines) and 2, = 8 (dotted lines).
The graph indicates the transition curves

In the resonance case of nearness of the field fre-
guency w to thedistrubancefrequency wy, the stability
conditions are given by

QHE [ [as 2]
w > wot ————— | 2w +1/36 — 25|, (3.28
0 8 /752 — /32 0] ( )

et @G J35 _ 2.2

provided that the criteria of stability, inthe zero-order
case are sdtisfied, i.e.

6>0,and b > . (3.30)
Clearly the resonance point, which is presented at
w = wo, occursif Ho=0orp = 2%,

Thetransition curves separating the stablefrom the
unstabl region, interms of the magneticfield intensity

2
HZ, are

B — wo)(? — 5112

H=H{ = , (331
07T T Q (2w + (30 — 2D)Y2) (331)
o~ 8w —wo)(8* — A2
H¢=Hj = (332
0772 T Q (2w — (36 — 2wD)12) (332

AccordingtotheFloquet theory [17], the parameter
space contains stable and unstable parts. The region
bounded by the transition curves H;* and H;* isthe
unstable region, while the area outside these curves
is the stable one. The width of the unstable region
is represented by H;* — H;*. An increase of this
width indicates the destabilizing influence, while its

1 and H3™ given in (3.30) and (3.31).

decrease represents a stabilizing role. The numerica

calculations for the transition curves H;* and H;*

(the solid and dotted lines) in the resonance case of
wo Near w aredisplayedin Figure5. Inthisgraph H3 is
plotted versus the column radius R. The solid curves
correspond to 2, = 3 and (2, = 8, while the dotted
ones correspond to 2, = {2, = 8. The resonance of
the dotted lines occurs at R = 2.74819. The graph
shows that the resonance region of the solid linesis
dightly shifted to theright, so that the resonance point

occursat R = 2.84588.

4, Case B: Viscoelastic Conducting I nterface
Supporting Free Surface Currents

In this section, the stability analysis has been car-
ried out for arheological behavior of the viscoelastic
interface in the presence of free surface currents. The
presence of free surface currents J; on the interface
r = R, leadsto || H|| # 0, so that the magnetic condi-
tions at the interface are as follows:

Due to the presence of surface currents, the con-
tinuity of the tangential stress (2.23) is applicable,
while the continuity of the normal component of
the magnetic field (2.19) till holds. Applying these
boundary conditions with the solution of the Laplace
equation (2.17), keeping in mined that H; # H,, we

obtain

1 r\m
P1(r, 0,t) = —= 4.1
Yalr,0,1) mug(Hy — Hp)coswt (R) (“4.1)

- {2@' {r)l(m -1 (1 -\ (% + imﬂl))
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—m |:2’r]1.(21(’)n -1 (1 -\ (% + im(21)>

—2m282:(m + 1) (1 /\2( d

7 + sz22>)

+ Z/L]_H]_(Hl — Hz)COSZ.,ut] } mé (r < R)

_1 R m
Wo(r,0,t) = — 4.2
Va(r,0,1) muo(Hy — Hi)coswt ( r ) (42)

. {21' {m(m - 1)<1 - /\1(% + 'ile))
—na(m +1) (1 - /\2(% + 'im_(.)z))] %

—m |:2’r]1.(21(’)n -1 (1 -\ (% + im(21>>

— 2m282:(m + 1) (1 )\2( d

o + zm(?2>)

+ipup Ho(Hy — Hz)coszwt] 7}6””0, (r > R).

Itisclear that the stream function v is affected by the
column radius, the angular velocity, the viscosity, the
elasticity and the magnetic field.

Consider the equilibrium configuration

H 1
H, = (m) Jr, Hp = (H——l) Ji, (4-3)

where H isthe gtratified magnetic field intensity %
Using the same dimensionless quantitiesasin case
the amplitude equation for the surface waves can be
achieved to take the form

d?y

di 12 + 2(al

L
'lbl)d—t/

+(az + qJF coSwt + 2ibo)y =0,  (4.4)

Moatimid - The Instability of a Viscoelastic Conducting Interface

whichisadamping second-order equation of Mathieu
typewith complex coefficients. These coefficientsare
given as
_ 2m[H(m +1) — n(m — 1)]
a1 = 7 )
by = {R*(H — 1)[22(m + 1) + p21(m — 1)]

— 4m?[2H(m + 1) — g\ 2:(m — 1)] /0,
az; =m(H — l){ %(m2 —-1)

— RZ[Q§(7'rL +1) + p22(m — 1)

4am,
+ - )[OZH(m+l)—l))\(2 (m—l)]}/ﬂ,
_ mP(uaH? + o)

(H — 1)1
by = 2m?[$2,H(m + 1) — ns21(m — 1)] /11,
and
II=R¥p+1)(H —1)

— 4dm[H(m +1) — An(m — 1)].

If the above characteristic equation, which is gov-
erned by the M athieu equation (4.4), hasagrowth rate
disturbance of the form exp(c* + iw*)t. The stability
dependsonthesign of thereal part o*. If it ispositive,
then the amplitude of the distrubance growswithtime
and the motion becomes unstable, if it is negative, the
motionisstableandif it iszero, the marginal stability
arises.

Before we proceed to the general case, it is inter-
esting to discuss some special cases.

4.1. Sability Behavior of a Viscoelastic Column
without Rotation

In the absence of rotation, the dispersion relation
becomes

d2
dt?

where

2a1 7y (azo + ¢J? cosPwt)y = 0, (4.5)

_Im, ,
az = ﬁ(m 1)(H - 1).
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Thisis a damped Mathieu equation with real coeffi-
cients. It is clear that there is a critical value for the
stratified magnetic field for which the damping term
is absent; thiscritical valueis given by
_n(m —1)

H. = 1 (4.6)
In the case of a uniform magnetic field, the stability
analysis of (4.5) imposes the conditions

J? > J* provided ¢ >0

4.7
J? < J* provided ¢ <0
where J* = (a? — az)/q.

It iseasy to show that for negative valuesof J* the
first conditionistrivially satisfied and the free surface
currents have no implication for the stability, while
the second oneis false and then instability is present.
In order to perform anumerical approach to thelinear
stability of the wave propagation on theinterface, itis
useful to investigatethe transition curves given by the
inequalities (4.7). Therefore, some chosen exampleis
considered in dimensionless forms, where the results
for the calculations, displayed in the J? vs. R plane
inFig. 6, indicate the influence of the parameter A on
the stability of the system.

In the presence of the field frequency w, the stabil-
ity picture changes dramatically. Grimshaw [25] has
examined the Mathieu equation (4.5) by a perturba-
tion technique. On the boundaries of thefirst unstable
region in the Mathieu diagram there is a periodic so-
[ution with period 27. The stability condition is thus
described by

(Jf = IJF = J3) > 0. (4.8)
Thus the stability criterion reduces to
JE > Jpor B < I3 Jp > T3, (4.9
where
. 4
Jio = 3 {Z(wz —ax) = \/(wz— a0)? — 120%02}

are the transition curves separating the stable region
from the unstable region. The two transition curves
(4.9), obtained by numerica calculations, are dis-
played in Figs. 7-9. Figure 7 illustrates the case
wherem =1, R =5andw = 20. Itisfound that, if #
increases, two unstable resonance regions, bounded
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by stableregions appear, the width of whichincreases
with the surface current JZ. The decrease of J? has
a stabilizing influence. In this graph, two resonance
points are found. One of them meets the H-axis at
H =1, whilethe other onelies above the H-axis. As
indicated in Fig. 8, these two resonance points coin-
cideaa H=1if p=05X=2,17=167, R=40and
w = 10. The intersection of the transition curves J;
and J; at H = 1 corresponds to zero surface current
density. This agrees with case A in which H; = H»
as discussed before. In Fig. 9, we have repeated the
above calculations for several values of the field fre-
guency w. Itisseenthat, asw isincreased, theunstable
region decreases in width to cause an increase in the
stable area. It follows that the field frequency has a
stabilizing influence.

4.2. The Marginal State Analysis

Equation (4.4) represents the Mathieu equation
with damped terms. This equation has a growth rate
solution, the stability analysis being rather complex.
To economize this complexity, we shall construct
the stability configuration through the marginal state.
Thus we shall be concerned with the periodic solu-
tions for this equation. To accomplish this margina
state, two conditions must be satisfied: The necessary
and sufficient conditions of stability are, respectively,

&y . dy
2 g (ag + qJ? cos’wt)y =0  (4.10)
and

alﬁ +1byy = 0. (4.11)

dt
It is worthwhile to observe that the equation gov-
erning the marginal state can be formulated by com-
bining the necessary condition (4.10) with the suffi-
cient condition (4.11) into a single condition. To do
this, we must distinguish between two cases for the
validly of the sufficient condition (4.11): The first
case deals with the non-vanishing of the coefficients
a1 and b,. The second deals with the vanishing of
these coefficients.

4.2.1. The combination between the necessary and
sufficient conditions

The assumption that the coefficients a; and b,
are non-zero alows us to use (4.11) to remove the
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damping termfrom (4.10). At thisstage, the necessary
and sufficient conditions for the marginal state are
governed by the Mathieu equation

dy 1
I —(agaz + 2b1by) + ¢J? cosiwt |y = 0, (4.12)
dtz a1

a Z0.

For astatic magnetic field w — 0, the stability condi-
tion reduces to

JE> T or JE < T, (4.13)

depending on the sign of ¢,

where

. 1
JT = ——(a.la.z + 2b1b2)
aiq

In order to screen the examination of the influence of
the uniform field on the stability criteria, numerical
calculations for the stability condition (4.13) were
made. Theresultsfor the calculationsare displayedin
Figs. 10and 11inthe J? vs. H plane. Thecalculations
showed that ¢ < 0, thus stability, occurs when J? <
J**. Figures 10 and 11 drawn to indicate the role
of the angular velocities on the stability picture. We
see that stability is not possible when H < 1. For
H > 1, the system may be stablefor surface currents,
J?, lessthan J** for agiven H. This means that the
surface currents have adestabilizing influence as does
the normal field on the inviscid fluid. It is found that
the stability increases for larg values of | 21 — (2, |,
especialy at large values of H.

In the presence of the field frequency w, as dis-
cussed before, the stability conditions may be ex-
pressed as

J? > T and JB < Iy I > TG

where

(4.14)

1
T =2 _ (2 = + 2b1b
27y { (Vu ai (152 ' 2)>

[N

1
T (wz - a—l(alaz + 2b1b2)>

NI

3
: (WZ - T@l(alaz + 2blbz))

|
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4.2.2. The contribution for vanshing the sufficient
condition (4.11)

Thisisthe second interesting case for deriving the
marginal stability. The analysis deals with the van-
shing of the coefficients a; and b, of the sufficient
condition (4.6). Thisis satisfied if

=Y a0 = 0= 0. (a15)
m+1
Introducing the transformation
() = ¥ (t)exp(—ibat), (4.16)

¥ (t) representsatime dependent amplitude of the per-
turbation. To eliminate the imaginary damping term
from (4.10), the necessary and sufficient conditionfor
the marginal stability is
dZW * %2 ® 72 SZ —
Gz + (a5 + 077+ ¢* Jf coscwt)¥ =0, (4.17)
where a3,b; and ¢* are the notations without a
star given in (4.4), but under the restrictions given
by (4.15).

For a uniform magnetic field w — O, the stability
condition reduces to

J2>GorJ? <G, (4.18)

depending on the sign of ¢~,

where
1 . ‘
G =—=(a3 +b7).
7

The examination for the increase of the rotation pa-
rameter (2 on the stability behavior is displayed in
Figure 12. This figure shows the plane J? vs. R. J?
isplotted for four values of the parameter (2. The cal-
culations showed that ¢* < 0, thus stability happens
when J? < G. It isfound that the parameter {2 hasa
stabilizing influence especidly at large values of R.
Asmentioned before, inthe case of aperiodicfield,
the stability criterion is given by
JE > Gypand J? < Go; G > Go, (4.19)

where

8 ‘ ‘
G2 = po [ — (W% — (a5 +b%)

(w2 = (a3 + ) (w2 - ng +b1)) ] :
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4.3. The Growth Rate Solutionin Case B

In this section, we shall be concerned with the gen-
eral case where the growth rate disturbance for the
Mathieu equation (4.4) is presented. It is convenient
to eliminate the imaginary damping term from (4.4)
by making use of the transformation

(1) = R(t)exp(—ibst),

where %(t) represents a time dependent amplitude of
the perturbation. Equation (4.4) then becomes

d’R IR
W 2a1( + (b3 + ap + qJ? coswt  (4.21)

(4.20)

+ Zl(bz — albl))% =0.

In the case of a uniform magnetic field, the necessay
and sufficient conditions for stability is given by

a1 > 0 and a2(ap+qJ?)+2a1b1b— b3 > 0. (4.22)

Thus the negative of the real part of the growth rate
holds as the above conditions are satisfied. The tran-
sition curve separating the stable from the unstable
regionsis given by
J? = %(bg — 2a1b1by — d2ay). (4.23)
a1q

The influence of the elasticity parameter A on the
stability behavior, in the case of a uniform field, is
displayed in Figure 13. The calculations showed that
g > 0. Itfollowsthat the surface currents play a stabi-
lizing role. It isfound that the increase of the param-
eter A\ increases the unstable region. Therefore, the
elaticity parameter A has a destabilizing influence.

We now determine the stability conditions for the
damped Mathi eu equation (4.21). A perturbation tech-
nigue may be used to accomplishthis purpose. We use
the method of multiple scales as described by Nayfeh
and Mook [17] to obtain an approximate solution and
analyze the stability criteria

Since we are considering the surface deformations
caused by the magnetic surface stress stemming from
the alternating external magneticfield, for most cases
studied inthiswork, it would be convenient to assume
an ordering relation

Jf = 5‘]?27 (424)

with Ji* as a constant of proportionality.
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In accordance with the method of multiple time
scales, two time scales T and 17 are introduced such
that

To=tand Ty =t (4.25)
The details of this precedure are given in [14]. Omit-
ting the details, one finds the stability criterion at the
the resonance case of approaching thefield frequency
w to the frequency part & of the growth disturbance
in the form

qJf
8(202 + a3 — az — b3)

w> o+ (4.26)

: {2w +/3az + 1) — 202 3(@} :

w<wt aJf
8(202 + a? — ap — b3)

(4.27)

. [2&; - \/3((12 +b2) — 202 — 3(1%} ,

provided that the stability conditions for the zero-
order disturbance are satisfied. These conditions are
a1 > 0and a2ap + 2a1b1by — b3 > 0. (4.28)

Interms of the surface current density J;, the stability
conditions (4.26) and (4.27) are given by

. 2402 gy —
<= 8(w — @)(2? + a2 — ap — b?) 7
q {2w +/3(02 + 1) — 202 — 3a1]
(4.29)
) L ON2L2 4 a2 — a4 — 12
J2s = 8w —&)(2 ag — az — by) 7
q [2@ _ \/3(a2 +02) — 202 — 3a§]
(4.30)
where

. 1
w2 = > {{(aﬁ — az — b3)? + 4(by — ayb1)?

1/2
+a2+bf—ai} ]

From the Floquet theory [17], the region bounded by
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the two branches of the transition curves .J; and .J; is
the unstableregion. Theregion outsidethese curvesis
stable. Thewidth of the unstableregionisrepresented
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